Basic CoONCEPTS OF
REAL ANALYSIS

Part 1

Notes from

Praveen Chhikara's
Lectures

Salient Features:

TESTS INCLUDED WITH DISCUSSION

BOOST UP SCORE FOR JAM &
CSIR-NET Exams




Notes:

1. CSIR-NET Maths Students: The Part 1 of these notes does not
contain the full syllabus. It contains some of the important topics,
which will definitely help you score well. The other topics are
covered in Part 2 of Real Analysis Notes.

2. JAM Maths Students: It contains all topics, but do not rely
completely on these notes. Have some standard book to follow.

Important Note: These notes may not contain everything that you are
interested in studying. These notes can make your work easier at first.
But you should study books. Nothing can replace books.

Suggestion: Follow the book "Understanding Analysis by Stephen
Abbott " to get much of the notes.

THANKFEUL Note: The notes were written beautifully by Archana
Arya, during my classes, to whom | am very much thankful.

Your suggestions are always welcome for anything; something
to be added, some mistakes in the notes, or anything.



Contents

Set Theory, Functions, Bounded and Unbounded sets, Supremum &
Infimum, Archimedean Property, Axiom of Completeness of R, Countability
& Uncountability of Sets, Sequence, Convergence of Sequence, Series,
Monotone Convergence Theorem, Cauchy Sequence, Open Sets, Limit
Point of a Set, Isolated Point, Discrete Set, Closed Sets, Closure Point,
Compact Sets, The Cantor Set, Separated Sets, Connected Sets, Dense
Sets in R, Cauchy’s Criterion for the Convergence of Series, Comparison
Tests, Ratio’s Tests, Cauchy’s Integral Test, Leibniz Test, Absolute and
Conditional Convergence of Series, Dirichlet’s Test, Power Series, Radius
of Convergence

SYLLABI
JAM Mathematics

Real Analysis: Sequence of real numbers, convergence of sequences,
bounded and monotone sequences, convergence criteria for sequences
of real numbers, Cauchy sequences, subsequences, Bolzano-Weierstrass
theorem. Series of real numbers, absolute convergence, tests of
convergence for series of positive terms — comparison test, ratio test, root
test; Leibniz test for convergence of alternating series.

Interior points, limit points, open sets, closed sets, bounded sets,
connected sets, compact sets, completeness of R. Power series (of real
variable), Taylor’'s series, radius and interval of convergence, term-wise
differentiation and integration of power series

CSIR-NET Mathematical Sciences

Analysis:_Elementary set theory, finite, countable and uncountable sefs, Real
number system as a complete ordered field, Archimedean property, supremum,
infimum. Sequences and series, convergence, limsup, liminf. Bolzano Weierstrass
theorem, Heine Borel theorem. Continuity, uniform continuity, differentiability,
mean value theorem. Sequences and series of functions, uniform convergence.
Riemann sums and Riemann integral, Improper Integrals. Monotonic functions,
types of discontinuity, functions of bounded variation, Lebesgue measure,



Lebesgue integral. Functions of several variables, directional derivative, partial
derivative, derivative as a linear tfransformation, inverse and implicit function
theorems. Meftric spaces, compactness, connectedness. Normed linear Spaces.
Spaces of continuous functions as examples.

Praveen Chhikara

PRAVEEN CHHIKARA has been involved in teaching higher mathematics since 2012. He believes that the
profession of teaching can act a big role in transforming the society towards positivity. Moreover it
keeps life youthful in the company of young students. “It gives me pleasure to be with students. Itis a
fun. They learn from me and so do I. These two converse processes make me bold and bolder day by
day,” says Praveen Chhikara. He has a community of more than 8 thousand via teaching, social

networking and his blogs. The community involves teachers and students pursuing their career at the
prestigious institutions of the country.

Praveen Chhikara completed his master’'s degree in Maths from IIT Delhi. He is currently involved in an
NGO “Mathematical Community”, to contribute his skills in the development of mathematics
education and education system at large.
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Exercise 2.3

Courtesy: Stephen Abbott

Exercise 2.3.1. Show that the constant sequence (a,a,a,a....) converges to
a.

Exercise 2.3.2. Let z,, = 0 for all n € N.
(a) It (zn) — 0, show that (/1) — 0.
(b) If (x,,) — x, show that (,/7;) — /T.

Exercise 2.3.3 (Squeeze Theorem). Show that if z, < y, < z, forall n €
N, and if im z, = lim z, = [, then limy, = [ as well.

Exercise 2.3.4. Show that limits, if they exist, must be unique. In other words,
assume lim an, = I} and im a, = I, and prove that [, = la.

Exercise 2.3.5. Let (r,) and (yn) be given, and define (z,) to be the “shuffled”
sequence (T, Y1.T2,Y2, T3, Y3, ... s TnylUn,... ). Prove that (z,) is convergent if
and only if (z,) and (y,) are both convergent with lim z,, = limy,,.

Exercise 2.3.6. (a) Show that if (b, ) — b, then the sequence of absolute values
|by.| converges to |b|.
(b) Is the converse of part (a) true? If we know that |b,| — |b|, can we

deduce that (b,) — b7

Exercise 2.3.7. (a) Let (a,) be a hounded (not necessarily convergent) se-
quence, and assume limb, = 0. Show that lim(a,b,) = 0. Why are we not
allowed to use the Algebraic Limit Theorem to prove this?

(b) Can we conclude anything about the convergence of (a, b, ) if we assume
that (b, ) converges to some nonzero limit b7
(e) Use (a) to prove Theorem 2.3.3, part (i1}, for the case when a = 0.

Exercise 2.3.8. Give an example of each of the following, or state that such a
request is impossible by referencing the proper theorem(s):

(a) sequences (xyn) and (yn), which both diverge, but whose sum (r, + yn)
Converges;

(b) sequences (zx,, ) and (y, ), where (x,,) converges, (y,,) diverges, and (x, +
Yn) converges;

(c) a convergent sequence (by, ) with by, # 0 for all n such that (1/b,,) diverges:

(d) an unbounded sequence {a,) and a convergent sequence (b, ) with (a, —
by ) bounded:

(e) two sequences (a,) and (b,), where (a,b,) and {a,) converge but (by)
does not.

Exercise 2.3.9. Does Theorem 2.3.4 remain true if all of the inequalities are
assumed to be strict? If we assume, for mstance, that a convergent sequence
(rn) satisfies x, = 0 for all n € N, what may we conclude about the limit?

Exercise 2.3.10. If (a,) — 0 and |b, — b| < a,,. then show that {(b,) — b.
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Real Analysis Test

Date: Sept 10, 2016
Topics: Countability of sets, Bounded sets, Sequences

"It does not matter how much knowledge we have, but it
matters whether how much eager are we to gain that."-Parveen Chhikara

1. a,2. b,3.d, 4. a,5. b,6.¢,7.¢,8 ¢, 9. b, 10. b,
11.a,c, 12. a, b, d, 13. a, ¢, 14. b, d, 15. a, b, c,
16. b, ¢, 17. -03849, 18. 0.5, 19. 2.71, 20. 0

0. If in this test, you fail to do a lot of questions, then

(a) you should think that the test is tough, and you can not do any-
thing.

(b) you lose your confidence.

(¢) you think that you are very weak in studies.

(d) you do not lose your confidence, and try to give your best in the
test.

’Single-Correct Questions ‘

1. Suppose that (z,,) is a convergent sequence and (y,,) is such that for
any € > 0, there exists M € N such that | z,, — y, |< ¢ for all n > M.
Then (y,) is

(a) convergent.

(b) bounded but not convergent.

(¢) bounded above but unbounded below.

(d) bounded below but unbounded above.

2.The set of the roots of all polynomial functions of degree 3, and
with rational coefficients is

(a) uncountable.

(b) countable infinite.

(c) finite set with cardinality greater than 3.

(d) of cardinality 3.



3. If f: A— B and the range of f is uncountable, then the do-
main of the function f

(a) may be countable.

(b) is countable.

(¢) may be finite.
(d)

is uncountable.

4. Suppose that f is continuous and that the sequence

z, f(x), fF(f(2), F(f(f(2))),. ..

converges to [. Then

) f(1) =
) f(0)
) f(0)
) f(0)

_[2

(a
(b
(c =

(d do es NOT exist.

5. The sequence {#£ : n € N} is
(a) unbounded above.

(b) bounded.

(¢) divergent

(d) unbounded below.

6. If u is an upper bound of a set A of real numbers and u € A,
then u is

(a) an infimum of A.

(b) both infimum and supremum of A.

(¢) a supremum of A.

(d) neither infimum nor supremum of A.

7. Point out the WRONG statement out of the following.

(a) The countable union of countable sets is countable.

(b) If A and B are countable, then A x B is countable.

(¢) The uncountable union of finite sets is countable.

(d) Every infinite set is equivalent to one of its proper subsets.

8. Given the sequence (;77) and an arbitrary small positive num-
ber e. Then the value of a positive integer m such that | ;25 —1[<¢
whenever n > m must satisfy



9. Let limiz—_l = 0, then lims,, equals

10. Which among the following is CORRECT?

(a) If a sequence of positive real numbers is not bounded, then the
sequence diverges to infinity.

(b) If a sequence converges, then it is bounded.

(c) If a sequence is monontonically increasing, and bounded above, then
it may fail to be convergent.

(d) Every bounded sequence is convergent.

‘Multi—Correct Questions ‘

11. Which of the following statements is(are) TRUE?

(a) An infinite set contains a countable subset.

(b) If A is an infinite set and x € A, then A and A\{z} are not equiv-
alent.

(¢) The intervals (0,1) and [0, 1] are equivalent.

(d) The set of all ordered pairs of integers is not countable.

12. f Le R, M € Rand L < M + ¢ for every € > 0, then which of
the following MAY be true?
(a) L < M.



13. If (s,) is a sequence of real numbers and if, for every € > 0,
| s, — L |< e for every n > N,

where N does not depend on ¢, then

(a) finitely many terms are not equal to L.

(b) all but finitely many terms are equal to L.

(¢) the terms which are equal to L are infinitely many.
(d) the terms which are equal to L are finitely many.

14. Which of the following statements is (are) TRUE for a sequence
(sn)?

(a) (|sn]) converges to a < (s,) converges to a.

(b) (sn) converges to a < (|s,|) converges to |al.

(¢) (|sn|) converges to a = (s,) converges to a.

(d) (|sn|) converges to 0 < (s,) converges to 0.

15. Let s; > s9, and let s,41 = %(sn + $5-1), (n > 2). Then
(a) s1,83,Ss,. . . Is nonincreasing.

(b) s2, 84, Se, - - . is nondecreasing,.

(€) (sn)e, is a convergent sequence.

(d) (sn)5%, is a divergent sequence.

16. If {s,} is a Cauchy sequence of real numbers which has a sub-
sequence converging to L, then

(a) {s,} may not be convergent.

(b) {sn} — L.

(¢) {sn} is bounded.

(d) {sn} is unbounded.

’Numerical—Answer Type Questions

17. The infimum of the set {2® — 62% + 11z — 6 : © > 1} upto three
decimal points is .................

2n345n
ApBp2 e

18. lim,, ..,

19. The limit superior of the sequence {(1 4 1)"}is ................



20. If 5, = %, then lim,,_o0Sn = cooeevieeiieeeinn..

Best Wishes from Parveen Chhikara...
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